Introduction {#Sec1}
============

The governing equations of an incompressible flow of a Newtonian fluid are described by the Navier--Stokes equations \[[@CR43]\]. Therein, one searches for the evolution of a velocity field *u* and the pressure *p* to given initial data, a volume force, and boundary conditions. For results on the existence of a (unique) solution, we refer to \[[@CR20]\], \[[@CR42], Ch. 25\], and \[[@CR43], Ch.III\].

In this paper, we consider the linear case but allow a more general constraint, namely that the divergence of the velocity does not vanish. Note that this changes the analysis and numerics since the state-of-the-art methods are often tailored for the particular case of a vanishing divergence. An application with non-vanishing divergence is given by the optimal control problem constrained by the Navier--Stokes equations where the cost functional includes the pressure \[[@CR23]\].

The Navier--Stokes equations, as well as the corresponding linearized equations, can be formulated as differential-algebraic equations (DAEs) in an abstract setting \[[@CR3], [@CR4]\]. These so-called *operator DAEs* correspond to the weak formulation in the framework of partial differential equations (PDEs). As generalization of finite-dimensional DAEs, see \[[@CR19], [@CR25], [@CR26]\] for an introduction, also here considered constrained PDEs suffer from instabilities and ill-posedness. This is the reason why the stable approximation of the pressure (which is nothing else than a Lagrange multiplier to enforce the incompressibility) is a great challenge.

One solution strategy is to perform a regularization which corresponds to an *index reduction* in the finite-dimensional setting. With this, the issue of instabilities with respect to perturbations is removed. In the case of fluid dynamics, this has been shown in \[[@CR4]\].

In this paper, we study the stochastic version of operator DAEs considered in the framework of white noise analysis and chaos expansions of generalized stochastic processes \[[@CR18], [@CR21], [@CR39]\]. More precisely, we consider semi-explicit operator DAEs with perturbations of stochastic type. We combine the polynomial chaos expansion approach from the white noise theory with the deterministic theory of operator DAEs. Particularly, in the fluid flow case, we deal with the stochastic equations of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{cccccccccc} \dot{u}(t) &{} - &{} \Delta u(t) &{} +&{} \nabla p(t) &{} = &{} \mathcal {F}(t) &{}+&{} \text {``noise''}, \\ &{} &{} {{\mathrm{div}}}u(t) &{} &{} &{} = &{} \mathcal {G}(t) &{}+&{} \text {``noise''} \end{array} \end{aligned}$$\end{document}$$with an initial value for *u*(0). In order to preserve the mean dynamics, we deal with stochastic perturbations of zero mean. This implies that the expected value of the stochastic solution equals the solution of the corresponding deterministic operator DAE. For the "noise" processes we consider either a general Gaussian white noise process or perturbations which can be expressed in the form of a stochastic convolution.
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                \begin{document}$$H\in (0,1)$$\end{document}$. This follows from the existence of unitary mappings between Gaussian and Poissonian white noise spaces, and between Gaussian and fractional Gaussian white noise spaces \[[@CR27]\].

With the application of the polynomial chaos expansion method, also known as the *propagator method*, the problem of solving the initial stochastic equations is reduced to the problem of solving an infinite triangular systems of deterministic operator DAEs, which can be solved recursively. Summing up all coefficients of the expansion and proving convergence in an appropriate space of stochastic processes, one obtains the stochastic solution of the initial problem.

The chaos expansion methodology is a very useful technique for solving many types of stochastic differential equations, linear and nonlinear, see e.g. \[[@CR6], [@CR18], [@CR29], [@CR30], [@CR32]--[@CR34], [@CR40], [@CR46]\]. The main statistical properties of the solution, its mean, variance, and higher moments, can be calculated from the formulas involving only the coefficients of the chaos expansion representation \[[@CR16], [@CR36]\].

The proposed method allows to apply regularization techniques from the theory of deterministic operator DAEs to the related stochastic system. Applications arise in fluid dynamics, but are not only restricted to this case. The same procedure can be used to regularize other classes of equations that fulfill our setting. A specific example with the operators of the Malliavin calculus is described in Sect. [5](#Sec20){ref-type="sec"}. For this reason, in the present paper, we develop a general abstract setting based on white noise analysis and chaos expansions. Numerical experiments with truncated chaos expansions, i.e., stochastic Galerkin methods, are not included in this paper. However, once we regularize each system, it becomes numerically well-posed \[[@CR3]\] and then the stochastic equation is well-posed as well.

The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} we introduce the concept of (deterministic) operator DAEs with special emphasis on applications in fluid dynamics. Considering perturbation results for such systems, we detect the necessity of a regularization in order to allow stochastic perturbations. The stochastic setting for the chaos expansion is then given in Sect. [3](#Sec6){ref-type="sec"}. Furthermore, we discuss stochastic noise terms in the differential as well as in the constraint equation and the systems which result from the chaos expansions, Theorems [6](#FPar23){ref-type="sec"}, [8](#FPar27){ref-type="sec"} and [9](#FPar30){ref-type="sec"}. The extension to more general cases is then subject of Sect. [4](#Sec17){ref-type="sec"}. Therein, we consider more general operators and stochastic convolution terms. We also provide proofs of the convergence of the obtained solutions in appropriate spaces of generalized stochastic processes, Theorem [11](#FPar36){ref-type="sec"}. In Sect. [5](#Sec20){ref-type="sec"} we consider shortly a specific example of DEAs that involve stochastic operators arising in Malliavin calculus. The proof of existence of a unique solution in a space of generalized stochastic processes is given in Theorem [13](#FPar39){ref-type="sec"}. Finally, we discuss extensions of our results to specific types of nonlinear equations.

Operator DAEs {#Sec2}
=============

In this section we introduce the concept of operator DAEs, analyze the influence of perturbations, provide regularization of operator DAEs, and state stability results.

Abstract setting {#Sec3}
----------------

First we consider operator DAEs (also called PDAEs) which equal constrained PDEs in the weak setting or DAEs in an abstract framework \[[@CR3], [@CR15]\]. Thus, we work with generalized derivatives in time and space. In particular, we consider semi-explicit operator DAEs for which the constraint equation is explicitly stated.
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                \begin{document}$$u(0) = u^0 \in \mathcal {H} $$\end{document}$. The need of consistent initial values is one characteristic of DAEs in the finite dimensional setting \[[@CR10], [@CR25]\]. The condition in the infinite-dimensional case is discussed in Remark [1](#FPar2){ref-type="sec"} below.

Furthermore, we need the operators and right-hand sides of ([1](#Equ1){ref-type=""} to satisfy the following assumptions.

### Assumption 1 {#FPar1}
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Note that the involved operators $\documentclass[12pt]{minimal}
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### Remark 1 {#FPar2}

(Consistent initial values) DAEs require consistent initial data because of the given constraints which also apply to the initial condition. This remains valid for the operator case. However, since we allow $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar3}
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### Proof {#FPar4}
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### Remark 2 {#FPar5}

Throughout the paper, we concentrate on results for the variable *u* which corresponds to the velocity in terms of fluid flow applications. Similar results for the Lagrange multiplier $\documentclass[12pt]{minimal}
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Since this paper focuses on fluid flows, we show that the linear Stokes equations fit into the given framework. Note that also the Navier--Stokes equations may be considered in the given setting if we allow the operator *K* in ([1](#Equ1){ref-type=""} to be nonlinear. However, we exclude the nonlinear case in this paper.

### Example 1 {#FPar6}

(Stokes equations) The linear Stokes equations provide a leading-order simplification of the Navier--Stokes equations and describe the incompressible flow of a Newtonian fluid in a bounded domain *D*, cf. \[[@CR43]\]. We consider homogeneous Dirichlet boundary conditions and set$$\documentclass[12pt]{minimal}
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### Example 2 {#FPar7}

(Linearized Navier--Stokes equations) With a simple modification of the operator *K*, the framework given in Example [1](#FPar6){ref-type="sec"} includes any linearization of the Navier--Stokes equations such as the Oseen equations.
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Although we focus here on applications in fluid dynamics, we emphasize that the given framework is not restricted to this class. Further examples are given by PDEs with boundary control \[[@CR11]\] (with *B* being the trace operator) as well as applications in elastodynamics which leads to second-order systems of similar structure \[[@CR2]\].

Influence of perturbations {#Sec4}
--------------------------

DAEs are known for its high sensitivity to perturbations. The reason for this is that derivatives of the right-hand sides appear in the solution. In particular, this implies that a certain smoothness of the right-hand sides is necessary for the existence of solutions. Furthermore, the numerical approximation is much harder than for ODEs, since small perturbations - such as round-off errors or errors within iterative methods - may have a large influence \[[@CR38]\].

The resulting level of difficulty in the numerical approximation of DAEs is measured by the so-called *index*. There exist several index concepts \[[@CR35]\] and we use here the *differentiation index*, see \[[@CR10], Def. 2.2.2\] for a precise definition. A comparable index concept for operator DAEs which may be used to classify systems of the form ([1](#Equ1){ref-type=""} does not exist. Thus, in order to obtain information about stability issues it is advisable to analyse the influence of perturbations. Furthermore, a spatial discretization of system ([1](#Equ1){ref-type=""} by finite elements (under some basic assumptions) leads to a DAE of index 2. Note that the understanding of the index is not crucial for the further reading of this paper. However, we comment on the index from time to time for additional insight.
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                \begin{document}$$\theta $$\end{document}$. Note that this is crucial if we consider stochastic perturbations in Sect. [3](#Sec6){ref-type="sec"} where we apply the chaos expansion method to reduce the given problem to an infinite number of deterministic systems. Similar to index reduction procedures for DAEs, cf. \[[@CR10], [@CR25]\], the operator DAE can be regularized in view of an improved behaviour with respect to perturbations.

Regularization of operator DAEs {#Sec5}
-------------------------------

In this subsection, we introduce an operator DAE which is equivalent to ([1](#Equ1){ref-type=""}, but where the solution of the perturbed system does not depend on derivatives of the perturbations. Furthermore, a semi-discretization in space of the regularized system directly leads to a DAE of index 1 and thus, is better suited for numerical integration \[[@CR25]\].

In the case of the Stokes equations, the right-hand side *G* vanishes since we search for divergence-free velocities. In this case, the constrained system is often reduced to the kernel of the constraint operator *B* which leads to an operator ODE, i.e., a time-dependent PDE. However, with the stochastic noise term in the constraint, we cannot ignore the inhomogeneity anymore. In addition, the inclusion of *G* enlarges the class of possible applications. Thus, we propose to apply a regularization of the operator DAE.

For the regularization we follow the procedure introduced first in \[[@CR2]\] for second-order systems. The idea is to add the derivative of the constraint, the so-called *hidden constraint*, to the system. In order to balance the number of equations and variables, we add a so-called *dummy variable* $\documentclass[12pt]{minimal}
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### Theorem 2 {#FPar8}

(Influence of perturbations) Let Assumption [1](#FPar1){ref-type="sec"} be satisfied and consider perturbations $\documentclass[12pt]{minimal}
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Note that, in contrast to the original formulation, estimate ([5](#Equ9){ref-type=""}) does not depend on derivatives of the perturbations. This is crucial when we consider stochastic perturbations.

Inclusion of stochastic perturbations {#Sec6}
=====================================

In this section, we consider the operator DAE ([1](#Equ1){ref-type=""} with additional stochastic perturbation terms, also called noise terms. Clearly, we perturb the deterministic system with zero mean disturbances. First, we consider the noise, only in the differential equation, i.e., we study $$\documentclass[12pt]{minimal}
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From the modeling point of view, noise may enter the physical system either as temporal fluctuations of internal degrees of freedom or as random variations of some external control parameters; internal randomness often reflects itself in additive noise terms, while external fluctuations gives rise to multiplicative noise terms. Moreover, the additive noises may appear in various forms, ranging from the space time white noise to colored noises generated by some infinite dimensional Brownian motion with a prescribed covariance operator \[[@CR13]\].

Preliminaries {#Sec7}
-------------

In this section, we recall some basic facts and notions of the white noise theory, random variables, stochastic processes, and operators. Then we apply the chaos expansion method in order to solve stated problems.

### White noise space {#Sec8}

We consider stochastic DAEs in the white noise framework. For this, the spaces of stochastic test and generalized functions are built by use of series decompositions via orthogonal functions as a basis with certain weight sequences. The classical Hida approach \[[@CR21]\] suggests to start with a Gel'fand triple$$\documentclass[12pt]{minimal}
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In the case of a Gaussian measure, the orthogonal polynomial basis of $\documentclass[12pt]{minimal}
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### Spaces of random variables {#Sec9}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {I}=(\mathbb {N}_{0}^{\mathbb {N}})_{c}$$\end{document}$ be the set of sequences of non-negative integers which have only finitely many nonzero components $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha =(\alpha _1,\alpha _2,\ldots ,\alpha _m,0,0,\ldots )$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i\in \mathbb {N}_0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1, 2,\dots , m$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m\in \mathbb {N}$$\end{document}$. The *k*-th unit vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon ^{(k)}=(0,\ldots ,0,1,0,\ldots ), \, k\in \mathbb {N}$$\end{document}$, is the sequence of zeros with the entry 1 as the *k*-th component and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{0}$$\end{document}$ is the multi-index with only zero components. The length of a multi-index $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \in \mathcal {I}$$\end{document}$ is defined as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\alpha |=\sum _{k=1}^\infty \alpha _k$$\end{document}$. We say $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \ge \beta $$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _k \ge \beta _k$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in \mathbb N$$\end{document}$ and thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha -\beta = (\alpha _1-\beta _1, \alpha _2-\beta _2,\ldots )$$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha < \beta $$\end{document}$ the difference $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha -\beta $$\end{document}$ is not defined. Particularly, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _k >0$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha -\varepsilon ^{(k)} = (\alpha _1,\ldots , \alpha _{k-1}, \alpha _k - 1, \alpha _{k+1},\ldots , \alpha _m, 0,\ldots )$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in \mathbb N$$\end{document}$. We denote $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(2\mathbb {N})^\alpha =\prod _{k=1}^\infty (2k)^{\alpha _k}$$\end{document}$.

#### Theorem 3 {#FPar10}

(\[[@CR49]\]) It holds that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum \nolimits _{\alpha \in \mathcal {I}}(2\mathbb {N})^{-p\alpha }<\infty $$\end{document}$ if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p>1$$\end{document}$.

The proof can be foud in the paper of Zhang \[[@CR49]\], also in \[[@CR22], Prop. 2.3.3\].
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The problem of pointwise multiplications of generalized stochastic functions in the white noise analysis is overcome by introducing the *Wick product*, which represents the stochastic convolution. The fundamental theorem of stochastic calculus states the relation of the Wick multiplication to the Itô-Skorokhod integration \[[@CR22]\].
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#### Example 3 {#FPar12}
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### Stochastic processes {#Sec10}
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#### Definition 1 {#FPar13}

*Generalized stochastic processes* and *test stochastic processes* in Kondratiev sense are elements of the spaces respectively$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} X\otimes (S)_{-1} = \bigcup _{p\in \mathbb N} X\otimes (S)_{-1,-p} \quad \text {and} \quad X\otimes (S)_{1} = \bigcap _{p\in \mathbb N} X\otimes (S)_{1,p} . \end{aligned}$$\end{document}$$

In this case the symbol $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\otimes $$\end{document}$ denotes the projective tensor product of two spaces, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{X}'\otimes (S)_{-1}$$\end{document}$ is the completion of the tensor product with respect to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$-topology.

#### Remark 3 {#FPar14}

From the nuclearity of the Kondratiev space $\documentclass[12pt]{minimal}
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Throughout the paper we consider generalized stochastic processes *u* which belong to $\documentclass[12pt]{minimal}
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#### Example 4 {#FPar15}
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Space of processes with finite second moments and square integrable trajectories $\documentclass[12pt]{minimal}
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#### Example 5 {#FPar16}
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In this way, by representing stochastic processes in their polynomial chaos expansion form, we are able to separate the deterministic component from the randomness of the process.

#### Example 6 {#FPar17}
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More general, the chaos expansion of a Gaussian process $\documentclass[12pt]{minimal}
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The Wick product of two stochastic processes is defined in an analogue way as it was defined for random variables in ([8](#Equ14){ref-type=""}) and generalized random variables \[[@CR30]\]. Let *F* and *G* be stochastic processes given in their chaos expansion forms $\documentclass[12pt]{minimal}
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#### Theorem 5 {#FPar18}
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### Coordinatewise operators {#Sec11}

We follow the classification of stochastic operators given in \[[@CR32]\] and consider the following two classes. We say that an operator $\documentclass[12pt]{minimal}
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Chaos expansion approach {#Sec12}
------------------------

We return to the stochastic operator DAEs ([6](#Equ6){ref-type=""} and ([7](#Equ7){ref-type=""} where the noise terms are generalized Gaussian stochastic processes as given in ([12](#Equ18){ref-type=""}). Within the next two subsections, we consider the influence of these perturbations. Applying the chaos expansion method, we transform the stochastic systems into deterministic problems, which we solve by induction over the length of the multi-index $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$. Clearly, we represent all the processes appearing in the stochastic equation by their chaos expansion forms and, since the representation in the Fourier-Hermite polynomial basis is unique, equalize the coefficients. In this section, we assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal K$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal B$$\end{document}$ to be simple coordinatewise operators, i.e., for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u=\sum _{\alpha \in \mathcal I}u_\alpha \otimes H_\alpha $$\end{document}$ we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {K} u = \sum _{\alpha \in \mathcal I}K u_\alpha \otimes H_\alpha \quad \text {and}\quad \mathcal {B} u = \sum _{\alpha \in \mathcal I}B u_\alpha \otimes H_\alpha . \end{aligned}$$\end{document}$$Note that this implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal B^*$$\end{document}$ is a simple coordinatewise operator as well. A more general case of coordinatewise operators is considered in Sect. [4](#Sec17){ref-type="sec"}. In the following, we assume that *K* and *B* are linear and that they satisfy Assumption [1](#FPar1){ref-type="sec"}. For the right-hand side of the differential equation ([6a](#Equ10){ref-type=""}), namely stochastic process $\documentclass[12pt]{minimal}
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### Remark 4 {#FPar19}
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Noise in the differential equation {#Sec13}
----------------------------------

Consider the system ([6](#Equ6){ref-type=""} with a stochastic perturbation given in the form of a generalized Gaussian stochastic process in the Wiener chaos space of order one as in ([12](#Equ18){ref-type=""}), i.e., we consider the initial value problem$$\documentclass[12pt]{minimal}
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### Example 7 {#FPar20}

(Randomly forced Stokes equation) We consider the randomly forced Stokes equation, i.e. Stokes equation with noise forcing term. In this case, the operator equation ([20](#Equ26){ref-type=""}) is equal to the weak formulation of the stochastically perturbed Stokes equations$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \dot{u} - \Delta u + \nabla \lambda = \tilde{f}, \qquad \nabla \cdot u = 0, \qquad u(0) = u^0, \end{aligned}$$\end{document}$$where the flow $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{f} = f + G_t$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in T$$\end{document}$, is subject to an external forcing. We refer the reader to \[[@CR12]\] for a detailed explanation. Note that, in general, additive noise is interpreted in applications as a perturbation of the original model (in this case Example [4](#FPar15){ref-type="sec"}).

We summarize the needed requirements in the following assumption.

### Assumption 2 {#FPar21}
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### Remark 5 {#FPar22}

If the initial data is consistent, then Assumption [2](#FPar21){ref-type="sec"} and equation ([19](#Equ25){ref-type=""}) imply that condition ([21](#Equ27){ref-type=""}) can be replaced by$$\documentclass[12pt]{minimal}
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### Theorem 6 {#FPar23}

Let Assumption [2](#FPar21){ref-type="sec"} be satisfied. Then, for any consistent initial data there exists a unique solution $\documentclass[12pt]{minimal}
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### Proof {#FPar24}

We represent all the processes in ([20](#Equ26){ref-type=""}) in their chaos expansion forms, apply ([15](#Equ21){ref-type=""}) and thus, reduce it to an infinite triangular system of deterministic initial value problems, which can be solved recursively over the length of multi-index $\documentclass[12pt]{minimal}
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### Remark 6 {#FPar25}
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As mentioned in Remark [2](#FPar5){ref-type="sec"}, a similar result can be formulated for the Lagrange multiplier if we assume stronger regularity assumptions. For completeness we state the following result for the Lagrange multiplier but leave out the proof.

### Theorem 7 {#FPar26}
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### Theorem 8 {#FPar27}

Let the assumptions 1, 2 and 4 from Assumption [2](#FPar21){ref-type="sec"} hold and let the process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_t$$\end{document}$ be a Gaussian process of the form ([27](#Equ33){ref-type=""}) such that for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\ge 0$$\end{document}$ it holds that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{|\alpha | > 0} \, \Vert m_\alpha \Vert ^2_{L^2(\nu ^*)} \, (2\mathbb N)^{-p\alpha } \, < \infty . \end{aligned}$$\end{document}$$Then, for any consistent initial data that satisfies ([21](#Equ27){ref-type=""}) the stochastic operator DAE ([20](#Equ26){ref-type=""}) has a unique solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\in L^2(T;\mathcal {V} )\otimes (S)_{-1}$$\end{document}$.

### Proof {#FPar28}

The system of deterministic DAEs obtained from ([20](#Equ26){ref-type=""}) by applying the chaos expansion method contains ([23](#Equ29){ref-type=""}) for $\documentclass[12pt]{minimal}
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### Remark 7 {#FPar29}

Let the assumptions of Theorem [8](#FPar27){ref-type="sec"} hold. If we assume additionally that $\documentclass[12pt]{minimal}
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Noise in the constraint equation {#Sec14}
--------------------------------

Consider the stochastic operator DAE ([7](#Equ7){ref-type=""}, where the noise terms are given in the form of two Gaussian white noise processes $\documentclass[12pt]{minimal}
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Regularization {#Sec15}
--------------

We have seen that the solution is very sensitive to perturbations in the constraint equation. As for the deterministic case in Sect. [2.3](#Sec5){ref-type="sec"}, we need a regularization. The extended (but equivalent) system to ([30](#Equ36){ref-type=""}) with stochastic noise terms, has the form $$\documentclass[12pt]{minimal}
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Recall that the formulation ([37](#Equ45){ref-type=""}) allows an estimate of the coefficients $\documentclass[12pt]{minimal}
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### Theorem 9 {#FPar30}

Let the Assumption [2](#FPar21){ref-type="sec"} hold. Consider the perturbations $\documentclass[12pt]{minimal}
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### Proof {#FPar31}

After applying the chaos expansion method to the extended operator DAE ([39](#Equ39){ref-type=""} we obtain the system of deterministic problems, i.e. for $\documentclass[12pt]{minimal}
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The difference between the systems ([38](#Equ46){ref-type=""})--([42](#Equ52){ref-type=""}) of the original problem ([39](#Equ39){ref-type=""} and the system ([37](#Equ45){ref-type=""})--([42](#Equ52){ref-type=""}) of the perturbed problem ([35](#Equ35){ref-type=""} is seen only for $\documentclass[12pt]{minimal}
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Convergence of the truncated expansion {#Sec16}
--------------------------------------
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                \begin{document}$$L^2$$\end{document}$ is attained if the sum is truncated properly \[[@CR24], [@CR33], [@CR46]\]. The truncation procedure relies on the regularity of the solution, the type of noise, and the discretization method for solving the deterministic equations involved, see e.g. \[[@CR8]\] for finite element methods. Numerical treatment of elliptic PDEs perturbed by Gaussian noise with error estimate in appropriate weighted space of stochastic processes is presented in \[[@CR45]\].

Similar results for specific equations can be found, e.g., in \[[@CR1], [@CR7], [@CR9]\]. A general truncation method is stated in \[[@CR24]\]. The same ideas can be applied to our equations once we have performed the regularization to the deterministic system (such that operator DAE is well-posed in each level), the convergence of the truncated expansion is, in general, guaranteed by the stability result of Theorem [6](#FPar23){ref-type="sec"}. The main steps of the numerical approach are sketched in Algorithm 3.1.

More general cases {#Sec17}
==================

This section is devoted to the discussion of two generalizations. First, we consider general coordinatewise operators instead of simple coordinatewise operators as in the previous section. Thus, following the definition from Sect. [3.1.4](#Sec11){ref-type="sec"}, we allow the operators $\documentclass[12pt]{minimal}
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Throughout this section we keep the following assumptions.

Assumption 3 {#FPar32}
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Coordinatewise operators {#Sec18}
------------------------

In the given application, we consider the coordinatewise operators $\documentclass[12pt]{minimal}
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Stochastic convolution {#Sec19}
----------------------

Consider the problem ([7](#Equ7){ref-type=""}, where the stochastic disturbance is given in terms of a stochastic convolution term. More precisely, we are dealing with the problem of the form$$\documentclass[12pt]{minimal}
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### Definition 2 {#FPar33}
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### Theorem 10 {#FPar34}
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### Proof {#FPar35}
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A detailed analysis of the domain and the range of operators of the Malliavin calculus in spaces of stochastic distributions can be found in \[[@CR28], [@CR29], [@CR31]\].

First, we solve the stochastic operator DAE ([44](#Equ54){ref-type=""}) with the stochastic perturbations given in terms of a stochastic convolution and without disturbance in the constraint equation. In order to prove the convergence of obtained solution in the Kondratiev space of generalized processes it is necessary to assume uniform boundness of the family of operators $\documentclass[12pt]{minimal}
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### Theorem 11 {#FPar36}
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### Proof {#FPar37}

We are looking for the solution in the chaos expansion form ([9](#Equ15){ref-type=""}). For this, we apply the polynomial chaos expansion method to problem ([49](#Equ49){ref-type=""} and obtain the following systems of deterministic operator DAEs:$\documentclass[12pt]{minimal}
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Let us now consider briefly the stochastic operator DAE ([44](#Equ54){ref-type=""}). This problem corresponds to the stochastic operator DAE ([49](#Equ49){ref-type=""} with additional disturbance in the constraint equation. Similar to Theorem [9](#FPar30){ref-type="sec"}, the regularization is needed and will be provided only for the coefficients $\documentclass[12pt]{minimal}
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### Theorem 12 {#FPar38}

Let the assumptions of Theorem [11](#FPar36){ref-type="sec"} hold. Let $\documentclass[12pt]{minimal}
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With this result, we close this section and consider a further generalization, namely the fully stochastic case.

An example involving operators of Malliavin calculus {#Sec20}
====================================================

We present an example involving operators of Malliavin calculus which has the same structure as the deterministic operator DAE ([1](#Equ1){ref-type=""}. Although this example does not arise in fluid dynamics it is related with the extension of our results to nonlinear equations in particular Navier--Stokes equation. Thus, we consider a semi-explicit systems including the stochastic operators from the Malliavin calculus and use their duality relations. Denote by $\documentclass[12pt]{minimal}
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Assume that the stochastic operator $\documentclass[12pt]{minimal}
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The results concerning the generalized Malliavin calculus and the equations involving these operators can be found in \[[@CR28], [@CR29], [@CR31], [@CR32]\]. The chaos expansion method combined with the regularization techniques presented in the previous sections can be applied also in this case. Here we present the direct chaos expansion approach and prove the convergence of the obtained solution.
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Proof {#FPar40}
-----
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-----

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_2$$\end{document}$ be the solutions of the system ([59](#Equ70){ref-type=""}). From the linearity of the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb D$$\end{document}$ and the linearity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb E$$\end{document}$ it follows $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb D u = \mathbb D (u_1+u_2) = \mathbb D u_1 + \mathbb D u_2 = y$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathbb E u = \mathbb E (u_1+u_2) = \mathbb E u_1 + \mathbb E u_2 = u^0$$\end{document}$. Thus the superposition of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_2$$\end{document}$ solves ([58](#Equ69){ref-type=""}).
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Extension to nonlinear equations {#Sec21}
--------------------------------

In \[[@CR36]\] the authors show that a random polynomial nonlinearity can be expanded in a Taylor alike series involving Wick products and Malliavin derivatives. This result has been applied to the nonlinear advection term in the Navier--Stokes equations \[[@CR44]\]. There a detailed study of the accuracy and computational efficiency of these Wick-type approximations is shown. We point out that following the same approach we can extend the ideas presented in this paper to Navier--Stokes equations. Specifically, by the product formula, of two square-integrable stochastic processes *u* and *v*,$$\documentclass[12pt]{minimal}
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                \begin{document}$$(u\cdot \nabla ) u \simeq (u \lozenge \nabla ) u + (\mathbb D u \lozenge \nabla ) \, \mathbb D u $$\end{document}$ is the first-order Wick-Malliavin approximation \[[@CR44]\]. As the Malliavin derivate has an explicit chaos expansion representation form ([55](#Equ66){ref-type=""}), the formula ([60](#Equ71){ref-type=""}) allows us to express the nonlinear advection term in terms of chaos expansions. Therefore, the ideas presented in this paper for the linear semi-explicit stochastic operator DAEs can be extended to Navier--Stokes equations and in general to equations with nonlinearities of the type ([60](#Equ71){ref-type=""}). Moreover, the multiplication formula$$\documentclass[12pt]{minimal}
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Conclusion {#Sec22}
==========

We have analyzed the influence of stochastic perturbations to linear operator DAEs of semi-explicit structure. With the application of the polynomial chaos expansion, we could reduce the problem to a system of deterministic operator DAEs. Since the obtained system is very sensitive to perturbations in the constraint equation, we analyze a regularized version of the system. With this, we have proven the existence and uniqueness of a solution of the stochastic operator DAE in a weighted space of generalized stochastic processes. Examples analyzed in this paper are the Stokes equations and the linearized Navier--Stokes equations. Moreover, the results of this paper can be extended to a certain type of nonlinear equations including Navier--Stokes.
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